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Freight transportation is a major component of logistical operations. Due to the increase in global trade,
ﬁerce competition among shippers and raising concerns about energy, companies are putting more
emphasis on effective management and usage of transportation services. This paper studies the transpor-
tation pricing problem of a truckload carrier in a setting that consists of a retailer, a truckload carrier and
a less than truckload carrier. In this setting, the truckload carrier makes his/her pricing decision based on
previous knowledge on the less than truckload carrier’s price schedule and the retailer’s ordering behav-
ior. The retailer then makes a determination of his/her order quantity through an integrated model that
explicitly considers the transportation alternatives, and the related costs (i.e., bimodal transportation
costs) and capacities. In the paper, the retailer’s replenishment problem and the truckload carrier’s pric-
ing problem are modeled and solved based on a detailed analysis. Numerical evidence shows that the
truckload carrier may increase his/her gainings signiﬁcantly through better pricing and there is further
opportunity of savings if the truckload carrier and the retailer coordinate their decisions.
 2011 Elsevier B.V. All rights reserved.1. Introduction
Freight transportation is a signiﬁcant component of the global
economy. United States (US) and European Union (EU) hold the
ﬁrst two places in the world for their freight transportation expen-
ditures. Freight shipping costs have been over 10% of the US Gross
Domestic Product (GDP) in 2007 (http://www.bts.gov). In EU coun-
tries, volume of the freight transportation is expected to increase
by 50% from 2000 to 2020, while the EU GDP is expected to grow
by 52% in the same period (http://ec.europa.eu/transport/strate-
gies/2006_keep_europe_moving_en.htm). In light of the above sta-
tistics, minimization of transportation costs presents an important
opportunity for companies to improve their proﬁts. Revenue man-
agement is another tool that can be used by the freight carriers for
this purpose. However, there is limited research suggesting pricing
policies for transportation companies. With the increasing oil
prices, uncertainty in the market and the raising competition
among transporter companies, this topic has become well worth
to study. The objectives of this paper are to suggest methods for
truckload carriers to make their pricing decisions and to quantify
the savings that can be achieved through these decisions.
With the above objectives in mind, we consider a system that
consists of a retailer, a truckload (TL) carrier and a less thanll rights reserved.
sobingol@mst.aselsan.com.trtruckload (LTL) carrier. The retailer purchases the services of these
carriers for inbound transportation and makes his/her replenish-
ment decisions considering the related transportation costs and
capacities. The TL carrier charges a ﬁxed price per truck regardless
of whether the truck is fully or partially loaded. The LTL carrier
charges in proportion to the number of units shipped. Both the car-
riers announce their pricing schedules before the retailer makes
his/her replenishment decision.
In this paper, we focus on the pricing problem of the TL carrier.
We consider a casewhere the TL carrier knows the LTL carrier’s tariff
schedule at the time of his/her pricing decision. Thismay bepossible
if the LTL carrier uses a base rate which is industry standard, or sim-
ply because he/she has preannounced freight rates. The TL carrier
also has full information about the retailer or his/her ordering
behavior. In this setting, we study the TL carrier’s problemof ﬁnding
the price to charge for a single truck with the objective of maximiz-
ing the total revenues. Our focus on the TL carrier’s pricing problem
given the LTL carrier’s pricing decision is motivated by contract
logistics involving 3PL practices. In our experience with the freight
industry in Turkey, we have observed that there are truckload carri-
erswith the following commoncharacteristics: their businesswith a
majority of the customers are in the form of arms-length relation-
ship while they collaborate more strongly with one or two major
customers which generate the largest scale of business. Their long-
run relation with these companies also enable them to have infor-
mation about the companies’ ordering or delivery behavior. The
beneﬁts of this kind of relation is mutual; the truckload carrier has
a steady ﬂow of revenue and the company saves from the setup cost
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ance and the security of the current truckload carrier. In this setting,
an LTL carrier is always an available mode of transportation. The
motivation behind LTL practices in the industry is to consolidate
small shipments frommany shippers in settings where the revenue
from small shipments alone would not cover the cost. LTL carriers
work with many customers, and typically they have preannounced
freight rates, not speciﬁc for each customer.
The analysis of the TL carrier’s transportation pricing problem
follows based on a characterization of the retailer’s optimal re-
sponse. Therefore, we ﬁrst model and solve the retailer’s replenish-
ment problem, which is to ﬁnd the order quantity that will
maximize his/her expected proﬁts considering the two modes of
transportation. Due to the complex structure exhibited by the re-
tailer’s expected proﬁt function, this analysis follows by investigat-
ing the structural properties of the proﬁt function, which then
leads to a characterization of the optimal solution. As it will be dis-
cussed in Section 3, the model and its solution can be used not only
for the speciﬁc setting in this paper but it also applies to a more
general class of problems.
This paper relates to two streams of research: integrated trans-
portation and inventory replenishment, and transportation pricing.
The studies in the former area explicitly take into account the
transportation costs and capacities in the replenishment problem
along with inventory related costs and constraints. Their focus is
to ﬁnd the optimal replenishment quantities to minimize the
sum of transportation and inventory related costs. See, for exam-
ple, Aucamp (1982), Lee (1986), Lee (1989), Tersine and Barman
(1994), Çetinkaya and Lee (2002), Jaruphongsa et al. (2005),
Mendoza and Ventura (2008). The papers in the latter body of
research, study the pricing of transportation services within the
context of ﬂeet management. Examples include Figliozzi et al.
(2007), Topaloglu and Powell (2007), Zhou and Lee (2009).
Integrated transportation and inventory replenishment has
been the subject of extensive research for the last three decades.
While many of the papers in this area consider the problem in a
single echelon setting (e.g., Aucamp, 1982; Lee, 1986; Tersine and
Barman, 1994; Shinn et al., 1996; Burwell et al., 1997; Hwang
et al., 1990; Jaruphongsa et al., 2005; Mendoza and Ventura,
2008; Rieksts and Ventura, 2008; Toptal, 2009), relatively recent
papers model and solve the replenishment problems of multiple
echelons under transportation considerations (see Hoque and
Goyal, 2000; Çetinkaya and Lee, 2002; Chan et al., 2002; Toptal
et al., 2003; Toptal and Çetinkaya, 2006; Rieksts and Ventura,
2010).
We further classify the studies on integrated transportation and
inventory replenishment according to the transportation cost
structure considered. Aucamp (1982), Lee (1986), Çetinkaya and
Lee (2002), Toptal et al. (2003), Toptal and Çetinkaya (2006) are
examples of papers that assume a single mode of transportation,
in the form of a truckload shipment. They use a multiple set-ups
structure to model this form of shipment. We cite Russell and
Krajewski (1991), Burwell et al. (1997) and Tersine and Barman
(1994) as examples of studies that consider less than truckload
shipment. All-weight freight discounts and incremental freight dis-
counts are predominantly used to represent LTL carriers’ pricing. In
some recent studies, a combination of TL and LTL shipments is
modeled. See, for example, Mendoza and Ventura (2008), Rieksts
and Ventura (2008), Rieksts and Ventura (2010). These three
studies allow the utilization of a TL carrier and an LTL carrier
simultaneously for the shipment of the replenishment quantity.
Our modeling of transportation costs is similar to the one in
these studies (i.e., Mendoza and Ventura, 2008; Rieksts and
Ventura, 2008; Rieksts and Ventura, 2010). Mainly, we assume that
the TL carrier charges a ﬁxed shipping price per truck whether it isfully or partially loaded, and the LTL carrier charges a constant
price for each unit shipped. Under this transportation cost struc-
ture, the retailer may get advantage of economies of scale inherent
in ﬁxed cost of each truck by loading as many quantities as possible
in a truck. If the quantity to be shipped does not justify the ﬁxed
cost of an additional truck, then the retailer uses the LTL carrier.
Rieksts and Ventura (2008) solve the classical Economic Order
Quantity (EOQ) model assuming the availability of a TL and an
LTL carrier for inbound shipments. Mendoza and Ventura (2008)
extend this model to consider a general whole price structure, gi-
ven by either an all-units or an incremental quantity discount
schedule. Rieksts and Ventura (2010) study a two-echelon system
consisting of a warehouse and a retailer, and model the transporta-
tion costs from the warehouse to the retailer allowing both TL and
LTL shipments. In the current paper, we propose a generic model
where the retailer’s production/inventory related expected proﬁt
function is strictly concave in the order quantity and the retailer
is subject to a similar transportation cost structure as in these
three papers. As a speciﬁc case, we consider the single period sto-
chastic replenishment problem (i.e., Newsboy Problem).
In contrast to the integrated inventory and replenishment mod-
els, transportation pricing is a fairly unexplored area. Figliozzi et al.
(2007) study carrier pricing in dynamic vehicle routing problems
by estimating the incremental cost of new service requests as they
arrive dynamically. Topaloglu and Powell (2007) study the prob-
lem of ﬁnding optimal prices for different lanes at each period of
a ﬁnite planning horizon. Modeling the demand in each lane as
random and dependent on the price, they also decide on the loca-
tions of empty vehicles. In a more recent paper, Zhou and Lee
(2009) consider two ﬁrms competing with each other to increase
their proﬁts from transportation services they provide between
two locations. In this study, demand for the services of one ﬁrm
in a direction is deterministic and is a function of both his/her
own and the rival’s price. The authors ﬁnd the optimal prices of
the two ﬁrms in each direction using a Bertrand duopoly model.
Different from the existing papers on transportation pricing, in
the current study, we explicitly model the underlying inventory
replenishment problem which generates the demand and we con-
sider the availability of two modes of transportation with different
structures. Since we focus on a single retailer, there are not multi-
ple customer locations and the routing of trucks is not an issue for
the carriers.
In addition to an analytical investigation of the retailer’s replen-
ishment problem and the TL carrier’s pricing problem, we present
some important observations due to a numerical study. We illus-
trate these results over some numerical examples. Mainly, we
show that the retailer’s decision of whether to use the TL carrier
or not, is very sensitive to TL carrier’s per truck shipping price. In
fact, the TL carrier, by lowering the per truck shipping price
slightly, may increase his/her revenue signiﬁcantly. The LTL carrier,
on the other hand, has diminishing opportunity to receive any or-
der from the retailer at larger values of s, given that the TL carrier
optimally decides his/her per truck shipping price. Finally, we
show that if the retailer and the TL carrier coordinate their deci-
sions regarding replenishment quantity and pricing, respectively,
they may achieve some extra savings which can be shared between
the two parties.
The remainder of the paper is organized as follows: In Section 2,
we introduce the retailer’s replenishment problem and the TL car-
rier’s pricing problem in more detail, with relevant mathematical
models. Section 3 is devoted to the analysis of the retailer’s replen-
ishment problem. In Section 4, the pricing problem of the TL carrier
is analyzed. This is followed by numerical results in Section 5. Fi-
nally, the conclusions of this study are summarized in Section 6
with some future research directions.
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In this study, we consider a system that includes a retailer and
two carriers. The retailer operates in a Newsboy setting. That is, he/
she makes a single replenishment decision at the beginning of a
period during which he/she faces random demand. If the order
quantity Q is greater than the demand, then excess items are sal-
vaged at a $v/unit revenue. If it is less than the demand, then the
retailer incurs a lost sale cost of $b/unit. The retailer pays for the
transportation of incoming materials. There are two modes of
transportation, a truckload (TL) carrier and a less-than-truckload
(LTL) carrier. The TL carrier charges $R per each truck whether it
is fully or partially loaded. Each truck has a capacity of carrying P
units and the TL carrier has ample number of trucks available.
The LTL carrier charges $s per unit where RP < s < R. That is, for car-
rying a truck load of items, using the TL carrier is always less costly
than using a LTL carrier. However, if the quantity to be carried is
less than R/s, then using the LTL carrier is a better option. More
explicitly, the transportation cost of the retailer for replenishing
Q units is given by
CðQÞ ¼minfsðQ  iPÞ þ iR; ðiþ 1ÞRg;
where i is the number of trucks used. That is, iP 6 Q < (i + 1)P and
i 2 f0g [ Zþ (Zþ is the set of all positive integers). The above expres-
sion can be rewritten as
CðQÞ ¼ sðQ  iPÞ þ iR; if iP 6 Q <
R
s þ iP;
ðiþ 1ÞR; if Rs þ iP 6 Q < ðiþ 1ÞP:
(
ð1Þ
Before introducing the retailer’s expected proﬁt function and the TL
carrier’s pricing problem, we next summarize the notation intro-
duced so far and that will be used in the remaining parts of the text.
r retail price per unit
b retailer’s per unit lost sale cost
v salvage value of an item unsold at the retailer
c procurement cost per unit (v < c < r)
R per truck shipping price that the TL carrier charges
R minimum value of R that the TL carrier aims for
P capacity of a truck in number of units
s per unit shipping price that the LTL carrier charges
(r > c + s)
Q retailer’s replenishment quantity
C(Q) transportation cost of the retailer for replenishing Q units
PTL(Q,R) TL carrier’s revenue if the retailer replenishes Q units at $R
per truck shipping price
X random variable showing demand in the single period
f(x) probability density function of demand
F(x) cumulative distribution function of demand
l expected value of demand
G(Q) retailer’s expected proﬁt function excluding the truck costs
H(Q) retailer’s expected proﬁt function
For given values of R, P and s, retailer’s expected proﬁt for
replenishing Q units, i.e. H(Q), is given by G(Q)  C(Q) where
GðQÞ ¼ ðr  vÞl ðc  vÞQ þ ðr þ b vÞ
Z 1
Q
ðQ  xÞf ðxÞdx: ð2Þ
In this paper, we consider a case where the LTL carrier’s per unit
shipping price s is already known. We study the TL carrier’s prob-
lem of ﬁnding the value of R that maximizes his/her revenue from
the business with the current retailer. The TL carrier incurs operat-
ing costs (e.g., oil, driver wages) related to the his/her business
with the current retailer. These costs are considered within R,
which is the minimum shipping price per truck that the TL carrier
aims for. In this setting, the TL carrier does business with the cur-
rent retailer as long as he/she is not at loss. Therefore, he/she aimsfor at least a revenue of $R for each truck. We note that, if the TL
carrier has a target for the minimum proﬁt from each truck, then
this value can also be incorporated in R.
We assume that the operating costs and the market conditions
are such that practical values of R should satisfy the following
inequality system: RP 6 RP < s < R. If the value of R that maximizes
the retailer’s expected proﬁts under the constraint R < sP, is not
greater than or equal to R, then the TL carrier does not consider
his/her business with the retailer as proﬁtable. Therefore, he/she
may quote a very high value of R (i.e., a value of R that is greater
than sP) in practice as a means for implicitly rejecting the business
of the retailer.
The TL carrier’s revenue PTL(Q,R) in this system is given by
PTLðQ ;RÞ ¼
i R; if iP 6 Q < Rs þ iP
ðiþ 1Þ  R; if Rs þ iP 6 Q < ðiþ 1ÞP;
(
ð3Þ
where i 2 f0g [ Zþ. Expressions (1) and (3) imply that, if
iP 6 Q < Rs þ iP, then the quantities transported by the TL carrier
and the LTL carrier are iP and Q  iP, respectively. Similarly, if
R
s þ iP 6 Q < ðiþ 1ÞP, then these quantities are Q and 0 in the same
order.
In order to write a more explicit expression for the retailer’s ex-
pected proﬁt function, we introduce the following two functions
over QP 0 and j 2 f0g [ Zþ:
H1ðQ ; jÞ ¼ GðQÞ  sQ þ ðsP  RÞj ð4Þ
and
H2ðQ ; jÞ ¼ GðQÞ  jR: ð5Þ
Therefore, we have
HðQÞ ¼ H1ðQ ; iÞ; if iP 6 Q <
R
s þ iP;
H2ðQ ; iþ 1Þ; if Rs þ iP 6 Q < ðiþ 1ÞP:
(
ð6Þ
Given the values of R and s, the retailer solves the following problem
to decide on his/her optimal replenishment quantity.
max HðQÞ;
s:t: Q P 0:
Let the optimal solution of the above problem be Q⁄(R, s). In this pa-
per, we ﬁrst analyze the structural properties of H(Q) and propose a
ﬁnite time exact solution procedure for ﬁnding Q⁄(R,s) given the
values of R and s. Then, we study the underlying transportation
pricing problem that the TL carrier faces. Namely, given the LTL car-
rier’s per unit transportation charge, we study the problem of the TL
carrier in deciding the value of R, referred to as Problem TLP.
Throughout this analysis, we assume that the TL carrier knows
the retailer’s inventory related costs, and hence, predicts the re-
sponse of the retailer in terms of his/her order quantity, i.e., the va-
lue of Q⁄(R,s).
The pricing problem of the TL carrier as described above can be
formulated as follows:
TLP:
max PTLðQ ðR; sÞ;RÞ;
s:t: RP R;
R < sP:
The ﬁrst constraint in the above formulation restricts the feasible
values of the per truck shipping price R to those real numbers that
are at least equal to the minimum target revenue R. It is natural to
expect that the minimum target revenue R is greater than the value
of the LTL carrier’s per unit shipping price (i.e., R > s). Therefore, this
constraint also implies that R > s, and hence, the retailer would not
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value of the per truck shipping price. The second constraint ensures
that there are some order quantities of the retailer for which the TL
carrier would be a less costly mode of transportation. Note that if
the second constraint was not satisﬁed (i.e., RP sP), then the retai-
ler would use the LTL carrier for all order quantities and would
never be better off by utilizing the TL carrier.
In the next section, we study the retailer’s replenishment prob-
lem to characterize his/her response to given values of R and s. The
retailer decides his/her order quantity after both the TL carrier and
the LTL carrier announce their price schedules. Therefore, the retai-
ler is subject to those values of R and s such that RP < s < R.
3. Retailer’s replenishment problem
In this section, we propose a characterization for the maximizer
of H(Q). As seen in Fig. 1, H(Q) is a piecewise function. The pro-
posed characterization for maximizing H(Q) will follow due to
some of its structural properties. We would like to note that these
properties will only utilize the fact that G(Q) is a strictly concave
function of Q (i.e., d
2GðQÞ
dQ2
< 0). Therefore, the analysis herein is not
restricted to the Newsboy setting but it also applies to a more gen-
eral class of problems where the production/inventory related ex-
pected proﬁts of the retailer is strictly concave and his/her
replenishment problem has a nonrecurring nature. Following the
solution to the retailer’s replenishment problem, we will study
the transportation pricing problem of the TL carrier in the next sec-
tion. We start by presenting some general properties of H(Q) in the
next two lemmas.
Lemma 1. H(Q) is a continuous function of Q.Proof. The proof is omitted as it is trivial. h
As seen in Expression (6), H(Q) attains values given by H1(Q, j)
alternating with H2(Q, j) in successive intervals of Q. Both of these
functions are based on the production/inventory related expected
proﬁts of the retailer, i.e., G(Q). Since G(Q) is a strictly concave func-
tion, it follows from Expressions (4) and (5) that H1(Q, j) and H2(Q, j)
are strictly concave functions over Q for ﬁxed j. Therefore, they
have unique maximizers. Let q⁄ be the maximizer of G(Q). It can
be observed that q⁄ is also the unique maximizer of H2(Q, j), "j.
Similarly, let z⁄ be the unique maximizer of H1(Q, j), "j. Expression
(4) implies that G0(z⁄) = s. The following lemma characterizes the
ordinal relationship between q⁄ and z⁄.
Lemma 2. We have z⁄ < q⁄.Proof. See Appendix A.1 for the proof. hFig. 1. An illustration of the rBefore presenting the development of the proposed character-
ization for the optimal solution, let us deﬁne the following terms:
we say z⁄ is realizable if there exists i 2 f0g [ Zþ such that
iP 6 z < Rs þ iP. Similarly, q⁄ is realizable if there exists
i 2 f0g [ Zþ such that Rs þ iP 6 q < ðiþ 1ÞP.
The proposed characterization for Q⁄(R,s) will be used for solv-
ing the TL carrier’s transportation pricing problem. This character-
ization utilizes some properties of H(Q) which are dependent on
the values of z⁄ and q⁄. These properties are presented in the next
four lemmas.
Lemma 3. We have H(Q) < H(z⁄), "Q < z⁄.Proof. See Appendix A.2 for the proof. h
Lemma 3 implies that z⁄ dominates all other quantities that are
smaller than itself, therefore, in maximizing H(Q), order quantities
less than z⁄ should not be considered. In the next lemma, we show
that q⁄ dominates all order quantities that are greater than itself,
therefore, in maximizing H(Q), order quantities greater than q⁄
should not be considered.
Lemma 4. We have H(Q) < H(q⁄), "Q > q⁄.Proof. The proof is similar to that of Lemma 3 and follows by
considering the two cases where q⁄ is either realizable or not
realizable. h
Lemmas 3 and 4 jointly imply that we should focus on Q such
that z⁄ 6 Q 6 q⁄while optimizing H(Q). In Lemma 5 and 6, by a sim-
ilar analysis, we further eliminate some quantity values between z⁄
and q⁄.
Lemma 5. Let Q be an order quantity such that z⁄ < Q < q⁄ and
jP < Q < Rs þ jP; j 2 f0g [ Zþ. Then, we have H(max{z⁄, jP}) > H(Q).Proof. See Appendix A.3 for the proof. hLemma 6. Let Q be an order quantity such that z⁄ < Q < q⁄ and
R
s þ jP 6 Q < ðjþ 1ÞP; j 2 f0g [ Zþ. Then, we have H(min{q⁄,
(j + 1)P}) > H(Q).Proof. The proof is omitted as it is similar to that of Lemma 5.
Lemmas 5 and 6 imply that among the order quantities
between z⁄ and q⁄, we should only consider multiples of a full
truck load. The following theorem provides a characterization of
the retailer’s optimal order quantity. hetailer’s expected proﬁts.
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Q ðR; sÞ ¼ argmax HðzÞ;HðqÞ;HðkPÞs:t: k ¼ z

P
 
; . . . ;
q
P
 
;

k 2 f0g [ Zþ

:Proof. The proof follows from Lemmas 3–6. h
The above theorem implies that the retailer does not use the LTL
carrier if both z⁄ and q⁄ are multiples of a full truck load. The LTL
carrier would generate some revenue from the business of the
retailer only if the retailer orders z⁄ and z⁄ is realizable, or if the
retailer orders q⁄ and q⁄ is not realizable. Because in all other cases,
the retailer uses only the TL carrier. The following lemma further
shows that in the second case (i.e., Q⁄(R,s) = q⁄ and q⁄ is not realiz-
able), the quantity shipped using the LTL carrier is zero.
Lemma 7. If there exists j, j 2 f0g [ Zþ such that jP 6 q < Rs þ jP,
that is q⁄ is not realizable, then the retailer orders q⁄ only if q⁄ is an
integer number full truck loads.Proof. See Appendix A.4 for the proof. h
In the following lemma, we show that, in the optimal solution,
it is not possible for the retailer to order in an amount of z⁄ and use
only the TL carrier.
Lemma 8. If there exists j, j 2 f0g [ Zþ such that Rs þ jP 6 z <
ðjþ 1ÞP, that is if z⁄ is not realizable, then it is not optimal.Proof. See Appendix A.5 for the proof. h
The structure of the solution for maximizing H(Q), as given in
Theorem 1, reveals further results if the retailer operates in the
Newsboy setting. Using Expression (2), it can be shown that z⁄
should satisfy
FðzÞ ¼ r þ b c  s
r þ b v ;
and similarly, q⁄ should satisfy
FðqÞ ¼ r þ b c
r þ b v :
The above two expressions imply that if the retail price (r), lost sale
cost (b), or salvage value (v) increases, z⁄ and q⁄ increase. If the pro-
curement cost (c) increases, both z⁄ and q⁄ decrease. However, the
integer multiples of a full truck load between z⁄ and q⁄ may remain
the same. Q⁄(R,s) is, therefore, nondecreasing in r, b and v, and non-
increasing in c.
4. An analysis of the truckload carrier’s pricing problem
In this section, we study the transportation pricing problem
faced by the TL carrier. Recall that, we deﬁne the transportation
pricing problem of the TL carrier as determining the value of the
per truck price R that maximizes the TL carrier’s expected proﬁts
under the optimal response of the retailer, for a given price sche-
dule of the LTL carrier (i.e., unit shipping price s > 0). A formulation
of this problem is provided in Section 2 and is referred to as Prob-
lem TLP.
Solving the transportation pricing problem of the TL carrier
exhibits certain challenges primarily due to the piecewise struc-
ture of the retailer’s expected proﬁt function. As discussed inSection 3, there is no simple analytical expression for Q⁄(R,s). How-
ever, we have developed a characterization of the optimal solution
through showing some structural properties of the objective func-
tion. In our following analysis for the TL carrier’s transportation
pricing problem, we will follow a similar approach. Based on our
earlier results, we will further simplify the formulation of this
problem, which will lead us to the optimal solution. In our analysis,
we solve TLP for the general demand distribution. We note that,
for a speciﬁc demand distribution the solution may be further
simpliﬁed.
The approach that we follow in solving TLP utilizes the charac-
terization of the retailer’s optimal solution which we have derived
in Section 3. This solution is stated in Theorem 1. It is implied by
this theorem that Q⁄(R,s) can be z⁄, or q⁄ or any integer number
of full truck loads between those quantities. Considering this
implication, we divide all possible values of R (all real numbers
such that R < sP and RP R) into three groups and proceed our anal-
ysis thereafter. More speciﬁcally, we optimize out of all feasible R
values which lead to z⁄. Secondly, we optimize over all feasible R
values which lead to an optimal replenishment quantity of the re-
tailer given by kP, where k 2 zP
 	
; . . . ; q

P

  
. Thirdly, we solve TLP
over all feasible values which lead to q⁄ as the optimal replenish-
ment quantity of the retailer. Finally, among these solutions, we
choose the R value which results in the maximum revenue for
the TL carrier. It is important to note that the convenience of using
the proposed characterization for Q⁄(R,s) along with this approach
is that, the possible values for the optimal solution of the retailer
(i.e., z⁄, or q⁄ or any full truck load in between) is independent of
the speciﬁc value of R for ﬁxed s.
In what follows, we ﬁrst present Propositions 1–3 to identify
the feasible R values which lead to each type of solution discussed
above. Then, we formulate the three subproblems and discuss their
solutions.
Proposition 1. The optimal replenishment quantity of the retailer is
given by q⁄ if and only if we have H2 q;
q
P
l m 
P H1 z; z

P

  
and
H2 q;
q
P
l m 
P H1ðkP; kÞ; 8k such that k ¼ zP
 	
; . . . ; q

P
j k
.Proof. See Appendix A.6 for the proof. hProposition 2. The optimal replenishment quantity of the retailer is
given by z⁄ if and only if we have H1 z; z

P

  
P H2 q; q

P
 	 
and
H1 z; z

P

  
P H1ðkP; kÞ; 8k such that k ¼ zP
 	
; . . . ; q

P

 
.Proof. The proof is omitted as it is similar to that of Proposition 1.
hProposition 3. The optimal replenishment quantity of the retailer is
given by kP, for some k 2 Zþ and zP
 	
6 k 6 qP

 
if and only if
H1ðkP; kÞP H2 q; qP
 	 
; H1ðkP; kÞP H1 z; zP

  
, and H1ðkP; kÞP
H1ðjP; jÞ8j ¼ zP
 	
; . . . ; q

P

 
.Proof. See Appendix A.7 for the proof. h
Let R⁄(q⁄) be the value of Rwhich maximizes the TL carrier’s ex-
pected revenue among all feasible R values that lead to q⁄ as the
optimal replenishment quantity of the retailer. Similarly, let R⁄(z⁄)
be the value of R which maximizes the TL carrier’s expected
revenue among all feasible R values that lead to z⁄ as the optimal
replenishment quantity of the retailer. Finally, let R⁄(kP) be the
value of R which maximizes the TL carrier’s expected revenue
among all feasible R values that lead to kP as the optimal replenish-
ment quantity of the retailer, k ranging from zP
 	
to q

P

 
.
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the following problem:
P1
max PTLðq;RÞ
s:t: H2 q;
q
P
  
P H1 z;
z
P
  
;
H2 q;
q
P
  
P H1ðkP; kÞ; k ¼ z

P
 
; . . . ;
q
P
 
;
R < sP;
RP R:
Similarly, we have from Proposition 2 that R⁄(z⁄) is the solution to
the following problem:
P2:
max PTLðz;RÞ
s:t: H1 z;
z
P
  
P H2 q;
q
P
  
;
H1 z;
z
P
  
P H1ðkP; kÞ; k ¼ z

P
 
; . . . ;
q
P
 
;
R < sP;
RP R:
Finally, we have from Proposition 3 that for any integer value of k
such that zP
 	
6 k 6 qP

 
; RðkPÞ is the solution to the following
problem:
P3:
max PTLðkP;RÞ
s:t: H1ðkP; kÞP H2 q; q

P
  
;
H1ðkP; kÞP H1 z; z

P
  
;
H1ðkP; kÞP H1ðjP; jÞ; j ¼ z

P
 
; . . . ;
q
P
 
;
R < sP;
RP R:
The following corollary characterizes the optimal solution of Prob-
lem TLP.
Corollary 1. The solution to TLP is given by the per truck cost R
among R⁄(q⁄), R⁄(z⁄) and R⁄(kP) "k such that zP
 	
6 k 6 qP
j k
, which
gives the maximum expected revenue for the TL carrier. In other
words, the solution to TLP is
argmaxR2 RðqÞ;RðzÞ;RðkPÞ 8ks:t: zPd e6k6 qPb cf gfPTLðQ
ðR; sÞ;RÞg: ð7Þ
Note that, the deﬁnitions of R⁄(q⁄), R⁄(z⁄) and R⁄(kP) imply that,
in Expression (7), we have Q⁄(R,s) = q⁄, Q⁄(R,s) = z⁄ and Q⁄(R,s) = kP
for R = R⁄(q⁄), R = R⁄(z⁄) and R = R⁄(kP), respectively. In what fol-
lows, we provide simpliﬁed expressions for obtaining R⁄(q⁄), R⁄(z⁄)
and R⁄(kP) "k such that zP
 	
6 k 6 qP

 
as solutions to the mathe-
matical formulations presented earlier (i.e., P1; P2; P3). These re-
sults are presented in Lemmas 9–11.
Lemma 9. The value of R which maximizes the TL carrier’s expected
revenue among all feasible R values that lead to q⁄ as an optimal
replenishment quantity of the retailer, that is R⁄(q⁄), is given by
min
GðqÞ  GðzÞ þ sz  sP zP

 
q
P
 	 zP
  ;
GðqÞ  GðkPÞ
q
P
 	 k ;
(
8k s:t: z

P
 
6 k 6 q

P
 
; kP – q
if the above function value is greater than or equal to R. Otherwise,
there is no value of R that leads to q⁄ as the optimal replenishment
quantity of the retailer while satisfying the TL carrier’s target revenue
constraint.Proof. See Appendix A.8 for the proof. h
The proof of the above lemma implies that in the expression for
R⁄(q⁄), if the minimum is given by the ﬁrst term, then the ﬁrst con-
straint in P1 is satisﬁed at equality, i.e., H2 q; qP
 	  ¼ H1 z; zP
  . In
this case, both q⁄ and z⁄ maximize the retailer’s expected proﬁts.
Likewise, if the minimum is given by the second term for some
k 2 zP
 	
; . . . ; q

P

  
, then the second constraint in P1 is satisﬁed at
equality, i.e., H2 q; q

P
 	  ¼ H1ðkP; kÞ, which implies that both q⁄
and kP maximize the retailer’s expected proﬁts. In this case, the
TL carrier may need to give the retailer additional incentive for
him to choose q⁄ such as offering a per truck cost that is slightly
lower than R⁄(q⁄).
Lemma 10. The value of R which maximizes the TL carrier’s expected
revenue among all feasible R values that lead to z⁄ as the optimal
replenishment quantity of the retailer, that is R⁄(z⁄), is given by sP  e
(e is a positive, very small number), if
max R;
GðqÞ  GðzÞ þ sz  sP zP

 
q
P
 	 zP
  ;
GðkPÞ  GðzÞ þ sz  sP zP

 
k zP

  ;
(
8k s:t: z

P
 
6 k 6 q

P
 
; kP – z

ð8Þ
is less than sP. Otherwise, there is no value of R that leads to z⁄ as the
optimal replenishment quantity of the retailer while satisfying the TL
carrier’s target revenue constraint.Proof. See Appendix A.9 for the proof. h
We would like to note that Lemma 10 originates from mathe-
matical formulation P2, and the terms of Expression (8) are lower
bounds on R based on evaluating the ﬁrst, second and the fourth
constraints of P2. The retailer may order z⁄ if these constraints
are satisﬁed, however, if the third constraint is violated (i.e.,
RP sP), then the retailer utilizes only the LTL carrier. Hence, the
TL carrier can increase his/her price to charge per truck up to sP,
however he/she should cut the price slightly, that is by e, to gain
the business of the retailer. The value of sP  e in this case, should
not be smaller than the lower bounds mentioned above.
Lemma 11. The value of R which maximizes the TL carrier’s expected
revenue among all feasible R values that lead to kP (k is an integer
such that z

P
 	
6 k 6 qP
j k
Þ as an optimal replenishment quantity of the
retailer, that is R⁄(kP), is given by
min A; sP  e;GðkPÞ  GðjPÞ
k j ; 8j s:t:
z
P
 
6 j 6 k 1
 
; ð9Þ
where e is a positive, very small number, and
A ¼
1; if z ¼ kP;
GðkPÞGðzÞþszsPbzP c
kbzP c
; o:w:;
8<
:
if the value given by Expression (9) is greater than or equal to
max B;R;
GðjPÞ  GðkPÞ
j k ; 8j s:t: j ¼ ðkþ 1Þ; . . . ;
q
P
  
; ð10Þ
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B ¼
0; if q ¼ kP;
GðqÞGðkPÞ
q
Pd ek ; o:w:;
(
Otherwise, there is no value of R that leads to kP as the optimal replen-
ishment quantity of the retailer while satisfying the TL carrier’s target
revenue constraint.Proof. See Appendix A.10 for the proof. h
Note again that Lemma 11 originates from mathematical for-
mulation P3, and the terms of Expression (10) are lower bounds
on R based on evaluating the ﬁrst, third and the ﬁfth constraints
of P3. The value of sP  e in Expression (9), should not be smaller
than these lower bounds.
5. Numerical illustrations
In this section, we present ﬁve numerical examples for which
the retailer’s replenishment and the TL carrier’s pricing problem
are solved. Through these examples, we illustrate how the pro-
posed solutions in the paper can be applied and some insights
we gained over a more extensive numerical analysis.
Example 1. Consider a setting where c = 12, r = 32, v = 11, b = 14,
X  U(0,1000) (demand is uniformly distributed between 0 and
1000), the LTL carrier’s per unit shipping price s is 4, the TL carrier
owns trucks of capacity 307 and aims to earn a minimum revenue
of 100 per truck.
For the above example, let us consider the TL carrier’s pricing
problem. The retailer’s expected proﬁt function without the trans-
portation costs, i.e. G(Q), is 0.0175Q2 + 34Q  7000. It turns out
that q⁄ = 971.43 and z⁄ = 857.143. Lemma 9 implies that there is no
value of R greater than R that would lead to q⁄ as an optimal order
quantity of the retailer. Using Lemmas 10 and 11, we have
R⁄(z⁄) = 1227.99, R⁄(921) = 1156.64. Corollary 1 further leads to the
fact that PTL(857.143,1227.99) = 2455.98 and PTL(921,1156.
64) = 3469.92. The TL carrier’s revenue is maximized when
R = 1156.64 and the retailer uses the TL carrier for inbound transpor-
tation. However, at R = 1156.64, the retailer is indifferent between
ordering z⁄ = 857.143 and 3  P = 921. At both quantities, the retai-
ler’s expected proﬁt is 5999.86. Note that, if the retailer chooses to
order z⁄, then he/she rents two trucks from the TL carrier to ship
614 units and uses the LTL carrier for transporting the remaining
amount of 243.143. If he/she chooses to order 921 units, it is optimal
for the retailer to ship this amount through the TL carrier utilizing
three trucks. In this case, the retailerwouldprobably choose to order
921 units for the practical convenience of doing business with one
carrier.Nevertheless, if theTL carrierwants to implicitly force the re-
tailer to order921units, he/shemayquote a slightly lowerprice than
1156.64 per truck. For example, if the TL carrier sets R = 1156, then
H(z⁄) = 6001.14 and H(921) = 6001.78, therefore, the retailer’s opti-
mal order quantity is 921 and he/she uses only the TL carrier. This
leads to a revenue of 3468 for the TL carrier.Table 1
Quantities shipped by the two carriers as a result of TL carrier’s optimal pricing decision
s TL carrier’s optimal R Retailer’s order quantity Quantity shipped b
1.5 374.999 814.286 750
2 499.999 800 750
2.5 624.999 785.714 750
3 749.999 771.429 750
3.5 874.999 757.143 750
4 999.107 750 750
4.5 1116.964 750 750Example 2. Consider a setting where c = 16, r = 32, v = 11, b = 14,
X  U(0,1000) (demand is uniformly distributed between 0 and
1000), the TL carrier owns trucks of capacity 250 and aims to earn a
minimum revenue of 150 per truck. The following values for the
LTL carrier’s per unit shipping price swill be considered: 1.5, 2, 2.5,
3, 3.5, 4 and 4.5.
For each value of s, Table 1 presents the TL carrier’s optimal
pricing decision in terms of per truck shipping price R, the retailer’s
order quantity, and the quantities shipped by the TL carrier and the
LTL carrier. The results imply that the TL carrier has a greater
opportunity to increase his/her proﬁts through pricing at larger
values of s. Furthermore, we observe that at larger values of s,
the LTL carrier has less chance of being utilized by the retailer, gi-
ven that the TL carrier solves his/her pricing problem optimally.
This may sound quite intuitive at ﬁrst, however, consider the case
where s = 4.5 and assume that the truckload carrier sets R = 1118,
i.e., he/she does not decide R optimally. In this case, the retailer
would order a quantity of 728.57 while shipping 228.57 of this
amount using the LTL carrier. Instead, by deciding R optimally,
the TL carrier extracts better gainings, which further leads to no
usage of the LTL carrier. At smaller values of s, even if the TL carrier
makes his/her pricing decision optimally, the retailer may use the
LTL carrier for shipping some amount.
Example 3. Consider a setting where c = 15, r = 30, v = 11, b = 13,
and exponentially distributed demand with rate k = 0.002. The TL
carrier owns trucks of capacity 200 and aims to earn a minimum
revenue of 100 per truck. The LTL carrier’s per unit shipping price s
is 2.
In this example, the retailer’s expected proﬁt function without
transportation costs, i.e. G(Q), is 9500  4Q  16000e0.002Q. Corol-
lary 1 implies that the TL carrier’s optimal value of per truck ship-
ping price is 399.99. At this value of R, the retailer orders
z⁄ = 836.988. This results in an expected proﬁt of 1478.075 for the
retailer and a revenue of 1599.996 for the TL carrier. Setting R to
399.99 maximizes the TL carrier’s revenues, however, there exist
other values of R which lead to better gainings for the retailer
and TL carrier jointly. For example, if the TL carrier agrees to charge
256.564 for each truck and the retailer orders Q = 1000 units, then
the retailer’s expected proﬁts increase to 2051.812. In this case, the
TL carrier’s revenue reduces to 1282.82. Since the retailer’s gain
(i.e., 573.737) exceeds the TL carrier’s loss (317.176), the retailer
may compensate the TL carrier for the losses and still be better
off. This may lead to a win–win solution for both the parties.
We note that, R and Q values that improve the joint beneﬁts of
the TL carrier and the retailer can be found in the following way:
First, we form the set of R and Q pairs where Q assumes possible
values for the retailer’s optimal order quantity and R maximizes
the TL carrier’s revenue while leading to Q as the retailer’s ex-
pected proﬁt maximizer. Theorem 1, Lemmas 9–11 imply that this
set is ﬁnite and countable. Then, we evaluate these pairs to ﬁnd the
one that maximizes the joint beneﬁts of the parties. In the above
example, the possible values for the retailer’s optimal order quan-
tity are z⁄ = 836.988, q⁄ = 1039.72 and Q = 1000. It follows from
Lemma 9 that there is no value of R greater than or equal to 100for varying values of s.
y the TL carrier # Trucks utilized Quantity shipped by the LTL carrier
3 64.286
3 50
3 35.714
3 21.429
3 7.143
3 0
3 0
Table 2
Quantities shipped and the beneﬁts for the parties resulting from the retailer’s optimal replenishment decision for varying values of s.
s Retailer’s order
quantity
Quantity shipped by the
LTL carrier
Quantity shipped by the
TL carrier
LTL carrier’s
revenue
TL carrier’s
revenue
Retailer’s expected
proﬁts
1.2 822.857 72.857 750 87.429 540 5209.143
1.4 817.143 67.143 750 94.000 540 5195.143
1.6 811.429 61.429 750 98.286 540 5182.286
1.8 805.714 55.714 750 100.286 540 5170.571
1.875 803.571 53.571 750 100.446 540 5166.473
2.0 800.000 50.000 750 100.000 540 5160.000
2.2 794.286 44.286 750 97.429 540 5150.571
2.4 788.571 38.571 750 92.571 540 5142.286
2.5406 784.554 34.554 750 87.789 540 5137.145
2.6 857.143 0 857.143 0 720 5137.143
2.8 857.143 0 857.143 0 720 5137.143
3.0 857.143 0 857.143 0 720 5137.143
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maximizer. We have from Lemma 10 and Lemma 11 that
R⁄(z⁄) = 399.99 and R⁄(1000) = 256.564, respectively. Therefore,
we compare the pair of R = 399.99 and Q = 836.988 with the pair
of R = 256.564 and Q = 1000. We choose the latter solution as the
joint beneﬁts in this case are more.
Example 1 shows that the TL carrier’s revenue is very sensitive
to changes in the value of R, mainly due to the piecewise structure
of the retailer’s expected proﬁt function and the discontinuity of
the TL carrier’s revenue function. These characteristics of the
replenishment problem and the transportation pricing problem
may lead to a signiﬁcant impact on the TL carrier’s revenue if he/
she does not have correct information about the parameters of
the retailer. The next example illustrates this assuming the TL car-
rier incorrectly estimates the parameters of the retailer’s demand
distribution.
Example 4. Consider a setting with the same parameters as of
Example 3. Assume that the TL carrier has incorrect information
about k, which in fact is equal to 0.002. Consider the following
cases where the TL carrier thinks that k = 0.0016, k = 0.0019, or
k = 0.0024.
The TL carrier ﬁnds the optimal per truck price as 399.999,
325.085 and 330.181 if he/she does his/her computations accord-
ing to k = 0.0016, k = 0.0019, and k = 0.0024, respectively. As the re-
tailer’s true k is 0.002, the retailer decides to order 836.988 units in
each case. Therefore, the TL carrier attains a revenue of 1599.996,
1300.34, and 1320.724 under k = 0.0016, k = 0.0019, and
k = 0.0024, respectively. We know from Example 3 that if the TL
carrier had correct information about k, he/she would set R to
399.999, in which case his/her revenue would be 1599.996.
Although k = 0.0019 is closer to the true value of k = 0.002, the TL
carrier’s loss due to having incorrect information in this case, is
more than it is in the other two cases (i.e., k = 0.0016 and
k = 0.0024). The TL carrier does not have any loss even if he/she
thinks that k = 0.0016 as the optimal values of R when k is taken
as 0.0016 or 0.002, are the same. However, in cases of k = 0.0019
and k = 0.0024, he/she ends up with respectively 18.728% and
17.454% lower revenue than what he/she would have if k was esti-
mated correctly. This example illustrates the signiﬁcance of accu-
rate estimation of the retailer’s parameters by the TL carrier for
his/her pricing decisions.
In this paper, our focus has been to solve the pricing problem of
the TL carrier in a setting where the LTL carrier’s pricing scheme is
known. In the next example, we consider another situation in
which the LTL carrier has to make a pricing decision given the TL
carrier’s per truck shipping price. We show that in this operating
environment, the LTL carrier can also achieve signiﬁcant savings
by carefully deciding the per unit shipping price.Example 5. Consider a setting with the same parameters as of
Example 2. Assume that R = 180 and the LTL aims to earn a
minimum revenue of 1.2 per unit he/she ships.
Table 2 presents the quantities shipped by the two carriers,
their revenues, and the retailer’s order quantity and expected
proﬁts at different values of s. The LTL carrier maximizes his/her
revenue if the per unit shipping price is set to 1.875. The retailer
does not use the services of the LTL carrier if s > 2.5406. Table 2
also shows the impact of carefully deciding the values of s on the
LTL carrier’s revenue. For example, instead of setting the value of
s to 2.5, the LTL carrier can increase his/her revenue by 12.5% by
setting the value of s to 1.875.
It should be pointed out that, in the numerical examples of this
section, demandwas chosen to be either exponentially or uniformly
distributed to avoid superﬂuous computational burden. The chal-
lenge in doing the computations manually in case of many demand
distributions lies in ﬁnding the value of the integral term in Expres-
sion (2). Note that,
R1
Q ðx QÞf ðxÞdx refers to the expected amount
of shortages and it appears inmany inventorymodels with stochas-
tic demand. Other distributions could be used to model demand,
including normal distribution, gamma distribution, Laplace distri-
bution, etc. We refer to Silver et al. (1998, p. 273), for a review of
articles on different demand distributions.
6. Conclusions and future research
This paper analyzes the replenishment problem of a retailer and
the transportation pricing problem of a truckload carrier under the
presence of two carriers (one truck-load carrier and one less-than-
truckload carrier). In this setting, the retailer makes a single
replenishment decision at the beginning of the selling period dur-
ing which she/he faces random demand. The inbound replenish-
ment quantity can be shipped utilizing both the TL carrier and
the LTL carrier. The costs due to inbound transportation are in-
curred by the retailer. The TL carrier charges a ﬁxed cost for each
truck whether it is fully or partially loaded. A unit shipping price
is charged by the LTL carrier. The retailer’s production/inventory
related expected proﬁt function is assumed to be strictly concave.
This generic structure makes the results herein applicable to other
problem settings as well.
An important application area of this study can be in outsourc-
ing decisions. The costs that the retailer incurs due to TL shipments
in this paper, is also known as the multiple set-ups cost structure
in the literature. It can also be used to model the production setup
costs of a manufacturer who incurs a ﬁxed setup cost for operating
a capacitated machine with the capability of processing several
items at a time. The unit shipping price that the LTL carrier charges
may be considered as the cost per unit if the manufacturer decides
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sult of maximizing Expression (6), the manufacturer can end up
with one of the following decisions in addition to determining
the production lot size: manufacture all items inhouse, outsource
all items from a third party or a combination of both.
Transportation pricing is a relatively new area in supply chain
management. To the best of our knowledge, there are few studies
in this area and they all study the problem within the context of
ﬂeet management. These studies take demand as exogenously gi-
ven or as a simple function of price. In our study, we focus on a sin-
gle customer location (i.e., a single retailer) and we explicitly
model the underlying inventory replenishment problem which
generates the demand. The transportation pricing problem is stud-
ied for the TL carrier modeling him/her as a revenue maximizer. A
minimum target revenue per truck is assumed. This value (i.e., R)
can also be associated with the TL carrier’s cost per truck when
he/she serves the inbound transportation of the current retailer.
The challenge behind solving the TL carrier’s pricing problem as
deﬁned in this study is the due to the piecewise structure of the re-
tailer’s expected proﬁt function. However, based on a detailed
analysis of the retailer’s optimization problem, the TL carrier’s
transportation pricing problem is solved exactly.
A notable generalization of this problem is when there are mul-
tiple LTL carriers and/or multiple TL carriers. Under the consider-
ation that the current TL carrier has prior information about the
shipping prices of all other carriers, a similar approach can be fol-
lowed for formulating and solving the retailer’s replenishment
problem and the TL carrier’s pricing problem. In some cases, this
can be achieved with small modiﬁcations. For example, if all the
LTL carriers have the same pricing structure (i.e., charges a ﬁxed
price per unit) and the TL carriers have identical trucks (i.e., same
capacity), the solution to the retailer’s replenishment problem can
be updated by replacing s and R with the minimum of the per unit
shipping prices and the minimum of the per truck shipping prices,
respectively. An adaptation of the proposed solution methodology
for the TL carrier’s pricing problem herein can also be followed in
this new setting. In order for the retailer to choose the current TL
carrier instead of the other TL carriers, the current TL carrier should
quote a better per truck shipping price. Therefore, the minimum of
the per truck shipping prices of all other TL carriers should be trea-
ted as an upper bound on R.
It is worthwhile to note that, although this paper considers the
case where the LTL carrier has preannounced freight rates, there
may be practical situations in which the LTL carrier has to make
a pricing decision given the TL carrier’s per truck shipping price.
Example 3 shows that there is signiﬁcant potential for the LTL car-
rier to increase his/her revenues through pricing. We address this
problem in our current research.
Numerical results show that, by coordinating the transportation
pricing decision and the replenishment decision, the retailer and
the TL carrier may increase their gainings. This observation leads
to design of contractual agreements in this setting as a future re-
search direction. The objectives of this paper can also be extended
to other settings involving different characteristics of demand, sell-
ing period, number of replenishment opportunities, modes of car-
rier, transportation price structures, etc.
Appendix A
Supplementary data associated with this article can be found in
the online version.Appendix B. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.ejor.2011.05.005.References
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